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ABSTRACT
Spherical solar dynamo simulations are performed. Self-consistent, fully compressible magnetohydrody-
namic system with a stably stratified layer below the convective envelope is numerically solved with a newly
developed simulation code based on the Yin-Yang grid. The effects of penetrative convection are studied by
comparing two models with and without the stable layer. The differential rotation profile in both models is rea-
sonably solar-like with equatorial acceleration. When considering the penetrative convection, a tachocline-like
shear layer is developed and maintained beneath the convection zone without assuming any forcing. While tur-
bulent magnetic field becomes predominant in the region where the convective motion is vigorous, mean-field
component is preferentially organized in the region where the convective motion is less vigorous. Especially
in the stable layer, the strong large-scale field with a dipole symmetry is spontaneously built up. The polarity
reversal of the mean-field component takes place globally and synchronously throughout the system regard-
less the presence of the stable layer. Our results suggest that the stably stratified layer is a key component for
organizing the large-scale strong magnetic field, but is not essential for the polarity reversal.
Subject headings: convection–magnetohydrodynamics (MHD) – Sun: dynamo – Sun: interior
1. INTRODUCTION
A grand challenge in the solar physics is a construction of
self-consistent theory that explains the observed large-scale
spatial structures of the fields and their dynamical change in
time. Two basic large-scale structures that are left to be ex-
plained are the azimuthal average of the azimuthal flow, v¯φ,
and the azimuthal average of the azimuthal magnetic field,
B¯φ. The averaged velocity v¯φ is characterized by the con-
ical iso-rotation profile in the meridian plane and the thin
tachocline layer with steep angular velocity gradient (e.g.,
Thompson et al. 2003). The averaged magnetic field B¯φ is
characterized by antisymmetric profile with respect to the
equator and the polarity reversals with the pseudo-periodicity
of 22 years (e.g., Hathaway 2010). See Ossendrijver (2003)
and Miesch (2005, 2012) for reviews.
To reproduce the large-scale structures and dynam-
ics, magnetohydrodynamics (MHD) simulations have
been performed both in the global (spherical shell)
geometry (e.g., Gilman & Miller 1981; Gilman 1983;
Glatzmaier 1985) and in the local Cartesian geometry
(e.g., Meneguzzi & Pouquet 1989; Cattaneo et al. 1991;
Nordlund et al. 1992; Brandenburg et al. 1996).
The first modern solar dynamo simulation with solar values
of luminosity, background stratification, and rotation rate was
performed by Brun et al. (2004). They solved anelastic MHD
convection system in the domain that extends over 0.72–
0.97R⊙, spanning the bulk of the convection zone. While the
solar-like equatorial acceleration and the dynamo-generated
magnetic field with strengths of order 5000 G was achieved,
the mean large-scale magnetic field were relatively weak and
did not exhibit periodic polarity reversals.
Browning et al. (2006) showed, in anelastic spherical shell
dynamo simulation with the presence of the tachocline, that
strong axisymmetric toroidal magnetic fields can be formed
in stably stratified layer below the convection zone. The asso-
ciated mean poloidal magnetic fields showed the dipole dom-
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inance, but they did not exhibit polarity reversals. While
the solar-like rotation profile was achieved in their simula-
tions, a mechanical forcing was necessary to maintain the thin
tachocline layer with steep angular velocity gradient.
Solar dynamo simulations that successfully produced
the cyclic large-scale magnetic fields were presented in
Ghizaru et al. (2010) and Racine et al. (2011). Their simula-
tions are based on an anelastic model that is commonly used
in the global circulation models of the earth’s atmosphere
with a cooling term to force the system toward the ambi-
ent state (e.g., Prusa et al. 2008; Smolarkiewicz & Szmelter
2009). The solar-like thin tachocline layer was developed as
a consequence of the cooling as well as the low dissipation
embodied in their numerical scheme. They showed that the
large-scale magnetic field is built up in the tachocline layer
and exhibits polarity reversals when the temporal integration
of the simulation was calculated for long enough.
The large-scale dynamo activity was found not only in the
anelasic models but also in the compressible dynamo simula-
tion. Käpylä et al. (2010) performed the dynamo simulation
with the penetrative convection in a spherical-wedge geome-
try (e.g., Brandenburg et al. 2007). Using a weakly stratified
dynamo model, they succeeded to simulate the formation and
the cyclic polarity reversal of the large-scale magnetic field.
Unlike Browning et al. (2006) and Ghizaru et al. (2010), the
large-scale dynamo operated in the convection zone in their
model. Despite the presence of the underlying stable layer
below the convective envelope, the spontaneous formation of
the solar-like tachocline layer was not observed.
These numerical studies that targeted for the solar dynamo
have made it increasingly clear that the underlying stable layer
below the convection zone is an important building block for
the solar dynamo. It seems to play a crucial role in the forma-
tion of the solar-like v¯φ & B¯φ. However, there is no research
that directly compares two dynamo simulations differing only
in the presence and absence of the underlying stable layer.
In Miesch et al. (2009), the influence of the tachocline
on the magnetic dynamo was reviewed by comparing
two previous simulations done by Brun et al. (2004) and
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FIG. 1.— Radial profiles of the initial temperature (solid), initial density
(dashed), and initial pressure (dash-dotted) adopted in our dynamo model.
The vertical axis is normalized by their values at r = 0.6R.
Browning et al. (2006). While two simulation models are
both based on the same simulation code with solar values
of the luminosity, rotation rate, and background stratification,
they adopt different diffusivities and grid spacings that can
affect the convective motion and magnetic dynamo. To get a
better grasp of the role of the stably stratified layer in the solar
dynamo mechanism, the influences of other parameters than
the presence of the stable layer should be eliminated. This is
one of motivations of our study.
In this paper, we perform fully compressible spherical so-
lar dynamo simulation with a stably stratified layer below the
convection zone. Formations of the key profiles of the solar
interior, i.e., the solar-like v¯φ & B¯φ, and the spontaneous po-
larity reversals are reproduced without assuming any forcing
in the fundamental equations. To elucidate the effects of the
penetrative convection, two simulations with and without the
stable layer below the convection zone are compared.
Another purpose of this paper is to report a development
of new program code for the solar dynamo simulation. A
lot of simulation models for the global dynamo are spectral-
based type, using the spherical harmonics expansion (e.g.,
Brun et al. 2004). The spherical harmonics expansion method
is, however, believed to be confronted with the parallel scaling
difficulty when tens of thousands, or more, processor cores
are used. A different approach to massively parallel solar dy-
namo model is strongly required for the present peta- or com-
ing exa-scale era. We have developed a global solar dynamo
simulation code based on the grid point-based approach.
The spherical geometry imposes difficulties in the de-
sign of the spatial grid points to sustain high numer-
ical efficiency, accuracy, and parallel scalability. We
have proposed an overset grid method approach to the
spherical geometry (Kageyama & Sato 2004). The grid
system, Yin-Yang grid, is applied to geodynamo (e.g.,
Kageyama et al. 2008; Miyagoshi et al. 2010), mantle con-
vection (e.g., Kameyama et al. 2008; Tackley 2008), super-
nova explosions (e.g., Müller et al. 2012; Lentz et al. 2012),
and other astro- and geophysical simulations. The parallel
scaling property of the spherical MHD simulation on the Yin-
Yang grid is promising. It attained 46% (15.2 TFlops) of the
peak performance of 4096 cores of the Earth Simulator super-
computer for the geodynamo simulations (Gordon Bell Award
in Supercomputing 2004). Our new solar dynamo code is de-
veloped based on this Yin-Yang geodynamo code. This paper
is our first report on the results obtained by this Yin-Yang so-
lar dynamo code.
2. NUMERICAL SETTINGS
We numerically solve an MHD dynamo convection sys-
tem in a spherical shell domain defined by (0.6R ≤ r ≤ R),
FIG. 2.— Yin-Yang grid. Each of the two congruent grids, Yin-grid and
Yang-grid, covers a partial spherical shell region defined as (π/4 ≤ θ ≤
3π/4,−3π/4 ≤ φ ≤ 3π/4). They are combined in a complemental way
to cover a whole spherical shell. The domains surrounded by red and blue
curves are assigned to the Yin and Yang grids, respectively.
(0 ≤ θ ≤ π), and (−π ≤ φ < π), where r, θ, and φ are ra-
dius, colatitude, and longitude, respectively. Our model has
two layers: upper convective layer of thickness 0.3R in the
range of (0.7R ≤ r ≤ R), and stably stratified lower layer of
thickness 0.1R in (0.6R≤ r ≤ 0.7R).
The fundamental equations are the fully compressible
MHD equations in the rotating frame of reference with a con-
stant angular velocity Ω = Ω0ez which is parallel to the coor-
dinate axis (θ = 0):
∂ρ
∂t
= −∇·f , (1)
∂f
∂t
= −∇· (vf ) −∇p + j×B
+ρg + 2ρv×Ω+µ
[
∇2v +
1
3∇(∇·v)
]
, (2)
∂p
∂t
= −v ·∇p −γp∇·v
+(γ − 1)[∇· (κ∇T ) + ηj2 +Φ] , (3)
∂A
∂t
= v×B − ηj , (4)
with
Φ = 2µ
[
ei jei j −
1
3 (∇·v)
]
,ei j =
1
2
(
∂vi
∂x j
+
∂v j
∂xi
)
,
g = −g0/r2er , B =∇×A , j = ∇×B .
Here the mass density ρ, pressure p, mass flux f = ρv, mag-
netic field’s vector potential A are the basic variables. We
assume an ideal gas law p = (γ − 1)ǫ with γ = 5/3, where ǫ
is the internal energy. The viscosity, electrical resistivity, and
thermal conductivity are represented by µ, η, and κ respec-
tively.
The initial condition is a hydrostatic equilibrium which
is described by a piecewise polytropic distribution with the
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polytropic index m,
dT
dr =
g0
cv(γ − 1)(m + 1) , (5)
(e.g., Käpylä et al. 2010). We choose m = 1 and 3 for the up-
per convection layer and the lower stable layer, respectively.
The thermal conductivity is determined by requiring a con-
stant luminosity L, defined by L≡ −4πκr2dT/dr, throughout
the domain.
We solve the MHD equations in a non-dimensional form.
Normalization quantities are defined by setting R = g0 = ρ0 =
1 where ρ0 is the initial density at r = 0.6R. We normalize
length, time, velocity, density, and magnetic field in units of
R,
√
R3/g0,
√
g0/R, ρ0 and
√
g0ρ0/R. We define the Prandtl,
magnetic Prandtl, and Rayleigh numbers by
Pr =
µ
κ
, Pm =
µ
η
, Ra =
GMd4ρ2m
µκR2
(
−
ds
dr
)
rm
, (6)
where ρm is the density at the mid-convection zone (r = rm),
and d = 0.3R is the depth of the convection zone. The strat-
ification level is controlled by the normalized pressure scale
height at the surface,
ξ0 ≡
cv(γ − 1)Ts
g0R
, (7)
where Ts is the temperature at r = R. In this work, we use
ξ0 = 0.3, yielding a small density contrast about 3. Figure 1
shows the radial distributions of the initial temperature, den-
sity and pressure adopted for our numerical model by solid,
dashed and dash-dotted curves, respectively. The vertical axis
is normalized by the value at r = 0.6R. The radial slopes in
our numerical model are more gentle than the solar profiles.
These give the convective motion with the Mach number of
O(10−2).
The relative importance of rotation in the convection is
measured by the Coriolis number
Co = 2Ω0d
vrms
, (8)
where vrms ≡ 〈〈v2θ + v2r 〉〉1/2 is the mean velocity. The double
angular brackets denote the time and volume average in the
convection zone in the saturated state. The convective turn-
over time and the equipartition strength of magnetic field are
defined, respectively, by
τc ≡
d
vrms
, Beq ≡ 〈〈ρ (v2θ + v2r )〉〉1/2 . (9)
The stress-free boundary condition for the velocity is im-
posed on the two spherical boundaries. We assume the per-
fect conductor boundary condition for the magnetic field (Ar =
Aθ = Aφ = 0) on the inner surface, and the radial field condition
(Ar = 0,∂Aθ/∂r = −Aθ/r,∂Aφ/∂r = −Aφ/r) on the outer sur-
face. A constant energy flux is imposed on the inner boundary.
The temperature is fixed to be Ts on the outer boundary.
The eqs. (1)–(4) are discretized by the second-order cen-
tral difference on the Yin-Yang grid. Each of the two con-
gruent grids, Yin-grid and Yang-grid, covers a partial spher-
ical shell region defined as (π/4 ≤ θ ≤ 3π/4,−3π/4 ≤ φ ≤
3π/4). They are combined in a complemental way to cover
a whole spherical shell as shown in Figure 2. The regions
surrounded by red and blue curves are assigned to the Yin-
FIG. 3.— Temporal evolutions of volume-averaged kinetic and magnetic
energies (ǫkin and ǫmag) for Models A and B. The red and orange curves
denote ǫkin and ǫmag for Model A, and the blue and green curves are those for
Model B.
and Yang-grids, respectively. Physical quantities on the hor-
izontal boarders of Yin- or Yang-grid are set by mutual in-
terpolations. For the time integration, the standard fourth-
order Runge-Kutta method is used. Since the Yin-Yang grid is
free from the coordinate singularity and the grid concentration
around there, we can avoid the severe time-step constraint due
to the CFL condition. See Kageyama & Sato 2004 for details
on the Yin-Yang grid method. The computation is performed
in parallel using MPI (Message Passing Interface).
Non-dimensional parameters Pr = 0.2, Pm = 4.0, and Ra =
1.2× 105, and constant angular velocity of Ω0 = 0.4 are
adopted in all the calculations reported here in order to
achieve the Coriolis number expected in the convection zone
of the Sun [Co ≃ O(1)]. The total grid size for the run with
the upper convection layer and the lower stable layer (Model
A) is 121 (in r) ×402 (in θ) × 402 (in φ) ×2 (Yin & Yang).
A model without the stable layer (Model B) is also studied, in
the domain (0.7R≤ r≤R), with the same physical parameters
and the same grid spacings (91× 402× 402× 2). A random
temperature perturbation and weak magnetic field are seeded
in the convection zone when the calculation starts.
3. NUMERICAL RESULTS
Figure 3 shows the temporal evolution of the volume-
averaged kinetic and magnetic energies defined by
ǫkin =
∫ 1
2
ρv2dV
/∫
dV , ǫmag ≡
∫ B2
2µ0
/∫
dV , (10)
for Models A and B. The red and orange curves correspond
to those for Model A. The blue and green curves are for
Model B. After the convective motion sets in, it reaches a
nonlinear saturation state at around t = 30τc. The saturation
levels of the convection kinetic energy for Models A and B
are almost the same. The mean velocity is vrms = 0.03 which
yields Beq = 0.02, Co = 8.0 and τc = 10.0 for both models. We
have run the simulations till 500τc and then compare physical
properties of convections, mean flows and magnetic dynamos
between two models.
To examine the convective and magnetic structures in
detail, we define the following four averages of a function
h(θ,φ) on a sphere.
The latitudinal average:
〈h〉θ ≡
1
2
∫ 1
−1
h(θ,φ) dcosθ , (11)
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FIG. 4.— Distribution of radial velocity on spherical surfaces at sampled radii vr(θ,φ) when t = 330τc (in the Mollweide projection). Panels (a)–(c) correspond
to the radii r = 0.95R, 0.85R and 0.72R for Model A, and panels (d)–(f) are those for Model B. The orange and blue tones depict upflow and downflow velocities
normalized by vrms = 0.03.
FIG. 5.— Radial profile of the mean radial velocity 〈〈v2r 〉s〉1/2 . The time
average spans in the range of 300τc ≤ t ≤ 400τc. The vertical axis is nor-
malized by vrms = 0.03. The red-solid and blue-dashed curves correspond to
the models A and B, respectively. The vertical dashed line denotes the base
of the convection zone.
The longitudinal average:
〈h〉φ ≡
1
2π
∫ π
−π
h(θ,φ) dφ , (12)
The spherical average:
〈h〉s ≡
1
4π
∫ 1
−1
∫ π
−π
h(θ,φ) dcosθdφ , (13)
The northern hemispheric average:
〈h〉+ ≡
1
2π
∫ 1
0
∫ π
−π
h(θ,φ) dcosθdφ . (14)
The time-average of each spatial mean is denoted by addi-
tional angular brackets, such as 〈〈h〉θ〉.
3.1. Properties of Convective Motion
Figure 4 shows, in the Mollweide projection, the distribu-
tion of the radial velocity when t = 330τc on spherical surfaces
at different depths for two models. Panels (a)–(c) correspond
to the depths r = 0.95R, 0.85R and 0.72R for Model A, and
panels (d)–(f) are those for Model B. The orange and blue
tones depict upflow and downflow velocities. At the upper
(r = 0.95R) and mid (r = 0.85R) convection zones, the con-
vective motion is characterized by upflow dominant cells sur-
rounded by networks of narrow downflow lanes for both mod-
els. The higher the latitude, the smaller the convective cell
prevails. Elongated columnar convective cells aligned with
the rotation axis appear near the equator. These are the typ-
ical features observed in rotating stratified convection (e.g.,
Spruit et al. 1990; Miesch et al. 2000; Brummell et al. 2002;
Brun et al. 2004). In panel (c), we find that the downflow
lanes persist the plume-like coherent structure even just above
the bottom of the unstable layer (r = 0.72R). The downflow
plumes then penetrate into the underlying stable layer.
The radial profile of the mean radial velocity 〈〈v2r 〉s〉1/2 is
shown in Figure 5. The red-solid and blue-dashed curves cor-
respond to Models A and B, respectively. The time average
spans in the range of 300τc ≤ t ≤ 400τc. The mean radial ve-
locity has a peak at the mid convection zone (r ∼ 0.8R) for
both models. The convective motion is the most active there.
While the radial flow is restrained by the boundary placed on
the bottom of the convection zone in Model B, it can penetrate
into the underlying stable layer in Model A. As a result of
the penetrative convection, mean zonal and meridional flows
are driven by the Reynolds and Maxwell stresses in the stable
layer. That will be described in the followings.
3.2. Structures of Mean Flow
In Figures 6(a) and (b), time-averaged mean angular veloc-
ity, defined by 〈〈Ω〉φ〉 = 〈〈vφ〉φ〉/(r sinθ) +Ω0, is shown for
the models A and B, respectively. The time average spans in
the range of 300τc ≤ t ≤ 400τc. The normalization unit is the
initial angular velocity Ω0.
The differential rotations in both models have basically
solar-like profiles with the equatorial acceleration. However,
both exhibit more cylindrical alignment than the solar rotation
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FIG. 6.— Mean angular velocity 〈〈Ω〉φ〉 [panels (a) and (b) for Models A and B], and mean meridional flow [panels (c) and (d) for Models A and B], where
〈〈Ω〉φ〉 = 〈〈vφ〉φ〉/(r sinθ) +Ω0. The mean meridional flow velocity is defined by 〈〈vm〉φ〉 = [〈〈vr〉φ〉2 + 〈〈vθ〉φ〉2]1/2. The white solid curves in panels (a)
and (c) denote the interface between the convective and stable layers.
profile characterized by the conical iso-rotation surface. The
system is dominated by the Taylor-Proudman balance in both
models (e.g., Pedlosky 1987). The angular velocity contrast
∆Ω between equator and pole is about 18% in Model A and
16% in Model B. These are slightly smaller than that obtained
by the helioseismology (∼ 20%). More remarkably, a ra-
dial gradient of the angular velocity is developed in the stably
stratified layer around latitudes ±40◦. This structure is remi-
niscent of the solar tachocline despite the radial shear layer is
broad compared to the observed one (Spiegel & Zahn 1992;
Charbonneau et al. 1999; Miesch 2005; Hughes et al. 2007).
The rotation profile of Model A is reasonably similar with that
of the Sun deduced from helioseismology (Thompson et al.
2003).
The spontaneous formation of the tachocline-like shear
layer below the convective envelope was reported in the hy-
drodynamic simulation of the solar penetrative convection
performed by Brun et al. (2011). Our results suggest that the
tachocline-like shear layer is a natural outcome of the pres-
ence of the stable layer even in the MHD convection system.
We discuss more about the differential rotation profile estab-
lished in Model A in § 4.1.
Shown in Figures 6(c) and (d) are time-averaged mean
meridional flows for the models A and B. The color contour
depicts the meridional flow velocity, defined by 〈〈vm〉φ〉 =
[〈〈vr〉φ〉2 + 〈〈vθ〉φ〉2]1/2, with a maximum ∼ 0.1vrms. Over-
plotted are streaklines with a length proportional to the flow
speed. The circulation flow is primarily counter-clockwise in
the bulk of the convection zone in the northern hemisphere,
that is, the poleward in the upper convection zone and the
equatorward in the bottom convection zone in both models.
There is however a clear difference in the circulation pat-
tern between the two models. While a large single-cell is
formed in Model B, Model A shows a double-cell pattern with
a strong inward/outward flow at the low/mid latitudes. An in-
triguing finding is that the equatorward component penetrates
into the underlying stable layer when the radial gradient of the
angular velocity resides (see Figure 6(a)). This suggests that
the penetrative transport of magnetic flux by the meridional
flow might play a role in magnetic dynamo in our model.
The meridional flow takes a role in transporting angular mo-
mentum and magnetic flux in the Sun. However, the circula-
tion pattern, velocity, and their time variations are still con-
troversial as compared with the mean angular velocity profile
which is well-confirmed by the helioseismic measurement.
This is because the meridional circulation is much weaker
than the differential rotation. Although the global circula-
tion consisting of two cells is implied by the helioseismic in-
version (see Mitra-Kraev & Thompson 2007) and is also ob-
tained by numerical simulation (e.g., Miesch et al. 2006), it is
not agreed in general (Hathaway 2012; Schad et al. 2012).
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FIG. 7.— Time and surface average of the magnetic energy density as a
function of radius. The sampled radii are r/R = 0.62,0.65,0.75,0.85,0.98
for Model A, and r/R = 0.75,0.85,0.98 for Model B. The broken solid lines
with red-squares, blue-circles and green-diamonds denote the contributions
from radial, latitudinal and azimuthal components of the magnetic field for
Model A. The broken dashed lines with the same symbols denote those for
Model B. The time average spans in the range of 100τc ≤ t ≤ 400τc. The
vertical axis is normalized by Beq = 0.02
.
The mean-field theory of the angular momentum trans-
port predicts a single-cell circulation (c.g., Ruediger
1989). Despite the kinematic flux-transport dynamo
model is constructed based on the single-cell circulation
(Dikpati & Charbonneau 1999; Charbonneau 2005), the in-
fluence of the circulation pattern on the magnetic activity
is still a matter of debate (Pipin & Kosovichev 2013 and
references therein). In order for more detailed discussion
about the meridional flow, we should improve our simula-
tion model in such a way to achieve smaller-scale subsur-
face convection ranging from granulation to super-granulation
as probed by local helioseismology (Gizon & Birch 2005;
Rieutord & Rincon 2010).
3.3. Structures of Magnetic Field
As shown in Figure 3, the magnetic energy is amplified
by the dynamo action and is saturated at a level of about
40% of the convective kinetic energy for both models after
t ≃ 30τc. The magnetic field is maintained longer enough than
the magnetic diffusion time (∼ 100τc). Although the volume-
averaged magnetic energy is almost the same in the models A
and B, there are remarkable differences in the spatial structure
of the magnetic fields.
The time and surface average of the magnetic energy den-
sity is presented as a function of radius in Figure 7. The
broken solid lines with red-squares, blue-circles and green-
diamonds denote the contributions from radial, latitudinal and
azimuthal components of the magnetic field for Model A. The
broken dashed lines with the same symbols denote those for
Model B. The time average spans in the range of 100τc ≤ t ≤
400τc. While the contributions of three magnetic components
are almost the same at the mid convection zone (r ≃ 0.85)
where the convective motion is vigorous, the azimuthal com-
ponent becomes predominant in the region where the convec-
tive motion is less active for both models (see also Figure 5).
Especially, in the stable layer of Model A, most of the mag-
netic energy is stored as a form of the azimuthal field.
To examine the magnetic structure in more detail, we di-
vide the magnetic energy density into axi-symmetric part and
asymmetric part (see Appendix)
〈B2〉s = 〈B¯2r 〉θ + 〈B¯
2
θ〉θ + 〈B¯
2
φ〉θ + (asymmetric part) , (15)
where we denote the axi-symmetric part of the magnetic field
Bi for i = r,θ,φ,
B¯i ≡ 〈Bi〉φ . (16)
To elucidate the relative strengths of axi-symmetric com-
ponents, we plot the profiles of 〈〈B¯2i 〉θ〉/〈〈B2〉s〉 in Figure
8(a). The broken solid lines with red-squares, blue-circles and
green-diamonds denote the radial, latitudinal and azimuthal
components for Model A. The broken dashed lines with the
same symbols denote those for Model B. The time average
spans in the range of 100τc ≤ t ≤ 400τc. Among the three
axi-symmetric components, B¯φ is dominant. The tendency
of B¯φ–dominance is apparent not only in the stable layer, but
also in the convection zone both in models A and B. The rel-
ative strength of the axi-symmetric component increases with
the depth and reaches the maximum at around the bottom sta-
ble zone. Figures 7 and 8(a) suggest that the axi-symmetric
component is built up rather in the convectively calm layer al-
though the magnetic energy is amplified preferentially in the
region where the vigorous convective motion exits.
We then analyze the latitudinal moments of the axi-
symmetric field B¯. We focus on B¯r since this component re-
flects purely the poloidal field, while B¯θ and B¯φ are mixture of
the toroidal and poloidal fields. From the Peseval’s equation
(see Appendix),
〈B¯2r 〉θ =
1
2
∑
l=1
(B¯r)2l , (17)
where
(B¯r)l =
∫ 1
−1
B¯rP∗l (cosθ) dcosθ . (18)
Here P∗l are normalized Legendre polynomials. Figure 8(b)
shows profiles of 〈(B¯r)2l 〉/2〈〈B¯2r 〉θ〉 for l = 1,2 and 3. The
broken solid lines with red-squares, blue-circles and green-
diamonds denote dipole (l = 1), quadrupole (l = 2), and oc-
tupole (l = 3) moments for Model A. The broken dashed lines
with the same symbols denote those for Model B. The time
average spans in the range of 100τc ≤ t ≤ 400τc. There is not
much difference among amplitudes of dipole, quadrupole and
octupole moments at all the depth. Nevertheless, it would be
worth noting that Model B has a octupole dominance in al-
most the whole domain. In the case of Model A, the dipole
gradually becomes dominant with the depth. It is predominant
in the bottom convection zone and the stable zone although
the upper and mid convection zones are dominated by higher
multipoles like as Model B. The stably stratified layer below
the convective envelope promotes dipole solution as indicated
by Miesch et al. (2009).
The similarity and difference of the magnetic structure be-
tween two models are the most obvious on the azimuthal com-
ponent of the magnetic field. A snapshot of the azimuthal
component of the magnetic field at t = 330τc is presented
in Figure 9 on a spherical surface at (a) r = 0.65R and (b)
r = 0.85R for Model A, and (c) r = 0.85R for Model B. The
orange and blue tones depict positive and negative values of
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FIG. 8.— (a) profiles of 〈〈B¯2i 〉θ〉/〈〈B2〉s〉 for i = r,θ,φ. (b) profiles of 〈(B¯r)2l 〉/2〈〈B¯2r 〉θ〉 for l = 1,2 and 3. The broken solid lines with red-squares, blue-circles
and green-diamonds denote the radial, latitudinal and azimuthal components in panel (a), dipole (l = 1), quadrupole (l = 2), and octupole (l = 3) moments in
panel (b) for Model A. The broken dashed lines with the same symbols denote those for Model B. The time average spans in the range of 100τc ≤ t ≤ 400τc.
FIG. 9.— Snapshot of the azimuthal component of the magnetic field Bφ when t = 330τc on a spherical surface at sampled radii (a) r = 0.62R and (b) r = 0.85R
for Model A, and (c) r = 0.85R for Model B. The orange and blue tones depict positive and negative values of the Bφ component. The magnetic field lines at the
time and position corresponding to those in the panels (a)–(c) are visualized in the panels (d)–(f), respectively
the Bφ component normalized by Beq. The magnetic field
lines at the time corresponding to those in the panels (a)–(c)
are visualized in Figures 9(d)–(f), respectively. As expected
from Figures 7 and 8, the convective envelope is dominated
by disordered tangled magnetic field lines with a myriad of
localized small-scale structures in both models. These in-
coherent magnetic fields are strongly influenced by vigorous
convective motions and thus are highly intermittent. The hori-
zontal converging flows sweep magnetic fields into downflow
lanes and intensify them locally to the super-equipartition
strength as was observed in existing convective dynamo sim-
ulations (e.g., Brandenburg et al. 1996; Cattaneo et al. 2003;
Brun et al. 2004).
In the underlying stable layer of Model A, a strong large-
scale azimuthal component of magnetic field is built up
around the equator, and resides there for long time intervals.
This well-organized magnetic component is roughly antisym-
metric about the equatorial plane and has a maximum strength
of an order of Beq. The large-scale component is organized in
the stable zone where the radial angular velocity gradient re-
sides (see Figure 6(a)). This would be an important evidence
of a connection between the deep-seated large-scale magnetic
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FIG. 10.— Latitudinal profiles of 〈B¯φ〉/〈B2φ〉
1/2 at the sampled radii for Models A and B. The red-solid, blue-dashed, purple-dash-dotted and green-dotted
curves correspond to r = 0.65R, 0.75R, 0.85R, and 0.98R, respectively. The time average spans in the range of 240τc ≤ t ≤ 340τc for Model A or 310τc ≤ t ≤
360τc for Model B.
FIG. 11.— Azimuthally-averaged magnetic field as a function of time and
latitude for Model A. The top, middle and bottom panels correspond to B¯r,
B¯θ , and B¯φ at the depth r = 0.65R. The red and blue tones depict positive and
negative values of each magnetic component.
component and the tachocline-like shear layer that is sponta-
neously developed in the model with the stable layer.
The latitudinal profiles of 〈B¯φ〉/〈B2φ〉1/2 are shown at the
sampled radii in Figures 10(a) and (b) for Models A and B.
The red-solid, blue-dashed, purple-dash-dotted and green-
dotted curves correspond to r = 0.65R, 0.75R, 0.85R, and
0.98R, respectively. The time average spans in the range of
240τc ≤ t ≤ 340τc for Model A or 310τc ≤ t ≤ 360τc for
Model B. As shown in Figures 8(a) and 9, the strong mean
azimuthal component with the antisymmetric profile is built
up around the equatorial plane in the stable layer of Model A.
It reaches maximum strength at around the latitude ±25◦.
While the antisymmetric property of the mean-field is found
not only in the stable layer but also in the convective envelope,
the amplitude of the mean-field component is much smaller
in the convection zone than in the stable zone. In comparison
FIG. 12.— Azimuthally-averaged magnetic field as a function of time and
latitude for Model B. The top, middle and bottom panels correspond to B¯r,
B¯θ, and B¯φ at the depth r = 0.72R. The red and blue tones depict positive and
negative values of each magnetic component.
with the Model A, the antisymmetric property of the mean
azimuthal field is weaker in the Model B.
Overall magnetic structures simulated in our models in-
dicate that the stably stratified layer is an important build-
ing block to organize large-scale magnetic components and
support numerical studies of Browning et al. (2006) and
Ghizaru et al. (2010). Despite the magnetic energy is ampli-
fied by the vigorous convective motion in the mid convec-
tion zone, the strong mean magnetic component is preferen-
tially organized in the region where the convective motion is
less vigorous. This suggests that the downward pumping pro-
cess of the magnetic flux is of great importance in the solar
dynamo mechanism (Tobias et al. 2001, 2008; Barker et al.
2012). The implementation of more realistic convective pen-
etration and downward pumping processes into the numerical
modeling might come the first to reproduce the solar dynamo.
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3.4. Cyclic Property of Magnetic Fields
One of the most interesting findings in our simulation is
that the large-scale magnetic fields show polarity reversals.
Figure 11 gives an azimuthally-averaged magnetic field as a
function of time and latitude for Model A. The panels (a),
(b) and (c) represent B¯r, B¯θ, and B¯φ at r = 0.65R. The large-
scale B¯φ with antisymmetric parity persists over a relatively
long period despite strong stochastic disturbances due to pen-
etrative convective motions. The B¯φ component changes the
sign for at least three times, at about t = 100τc, t = 210τc, and
t = 350τc [panel (c)].
As for the poloidal component of the magnetic field, it
shows the dipole dominance in the stable layer as indicated
in Figure 8(b). During 30–100τc when strong B¯φ component
with positive polarity dominates in the northern hemisphere,
negative B¯r and positive B¯θ are observed [panels (a) and (b)].
While the B¯θ component has the same sign in both the hemi-
spheres, the B¯r component has opposite polarity in the two
hemispheres. When the B¯φ reversal takes place, the other two
components B¯r and B¯θ also change the sign. See, for example,
at about t = 100τc in Figure 11.
The time-latitude diagram of an azimuthally-averaged mag-
netic field for Model B is shown in Figure 12. The pan-
els (a), (b) and (c) represent B¯r, B¯θ, and B¯φ at r = 0.75R. The
mean-field component shows a week polarity preference and
polarity reversals in time even in the model without the stable
layer. While the B¯φ component has an antisymmetric profile
with respect to the equator, the B¯θ component has the same
sign in both the hemispheres as well as the Model A. How-
ever, the amplitude, coherency and dipole dominance of the
mean magnetic component are much weaker in the model B
compared with those in the model A. These are consistent
with Figures 8–10.
As the indicators of the depth-dependency of the polar-
ity reversal, we show the temporal evolution of the dipole
moment (B¯r)l=1 defined by equation (18) and the northern
hemispheric average of the azimuthal field 〈Bφ〉+ in Fig-
ure 13. Panels (a) and (b) correspond to (B¯r)l=1 and 〈Bφ〉+ for
Model A. Panels (c) and (d) are those for Model B. The red,
blue, and green curves correspond to the depths r = 0.65R,
0.75R, and 0.85R, respectively. The polarity reversal takes
place not only in the underlying stable layer but also in the
convective envelope for Model A. It is remarkable that there
is a clear phase synchronization in the polarity reversals at dif-
ferent depths. Even in the case of the Mode B, the polarity re-
versal of the mean-field component is noticeable although the
short-term variability is superimposed onto the global long-
term modulation. The cycle period is about 100τc for both
models. This indicates that the polarity reversal of the mean-
field component is a global phenomenon that takes place syn-
chronously throughout the system regardless the presence of
the stable layer.
4. DISCUSSION
4.1. Force Balance in Differential Rotation
The helioseismic measurements suggest that the
tachocline thickness is less than 4% of the solar radius
(e.g., Elliott & Gough 1999; Charbonneau et al. 1999;
Basu & Antia 2001). The presence of such a thin tran-
sition layer leads to the tachocline confinement problem
(Spiegel & Zahn 1992). The mechanism that inhibits
the differential rotation in the convection zone to spread
into the deeper radiative interior is still an open problem,
though several theoretical models have been proposed
(Rudiger & Kitchatinov 1997; Gough & McIntyre 1998;
Rogers 2011; Brun et al. 2011).
In conjunction with the tachocline confinement problem,
we examine the time evolution of the differential rotation es-
tablished in our simulation model with the stably stratified
layer (Model A). We show, in Figure 14 (a), the temporal evo-
lution of the kinetic energy of differential rotation averaged
over the entire volume (≡ ǫd,e) and the volume of the stable
zone (≡ ǫd,s ) defined by
ǫd,e =
∫
r≤1.0R
[
1
2
ρv2φ
]
dV
/∫
r≤1.0R
dV ,
ǫd,s =
∫
r≤0.7R
[
1
2
ρv2φ
]
dV
/∫
r≤0.7R
dV . (19)
After the initial transitional stage t . 50τc, the kinetic en-
ergy of the differential rotation is settled into an approxi-
mately constant value both in the entire domain and in the
stable zone. In our simulation, the viscous spreading of
the tachocline-like shear layer operates on a timescale of
τvis ∼ 50τc. This dominates over the radiative spreading con-
trolled by the Eddington-Sweet timescale. Since the duration
of the simulation is about 10τvis, the differential rotation has
achieved the equilibrated profile.
The statistical stationarity of the differential rotation profile
is confirmed in Figure 14 (b), which shows the radial profile
of the mean angular velocity averaged over a given time span,
〈〈Ω〉s〉, for Model A. The different lines correspond to dif-
ferent time spans. Here the surface average is taken over the
range of 60◦≤ θ≤ 120◦ (around the equator). After the initial
evolutionary stage (t . 50τc), the differential rotation attains
a stationary profile in which outer shell is rotating faster. The
differential rotation in the convection zone does not spread
downward into the stable layer as time passes in spite of the
shear on the interface of the convection and stable layers.
The formation of the solar-like rotation profile is associated
with the development of the magnetic field. As seen in the
mean rotation profile during 0 ≤ t . 50τc, the inner shell ro-
tates faster than the outer shell at the early dynamo kinematic
stage. When the magnetic field is sufficiently amplified, it
begins to affect the convective motion. The rotation profile
changes to the opposite state in which the outer shell is rotat-
ing faster. This implies that the dynamo-generated magnetic
field plays an important role in establishing the solar-like dif-
ferential rotation.
To elucidate the azimuthal force balance maintaining the
differential rotation, we will consider the azimuthal compo-
nent of momentum equation. The right-hand side of the equa-
tion is divided into four force terms:
FI(ρ,v,B)≡ [−div(ρvv)]φ ,
FC(ρ,v,B)≡ [2ρv×Ω]φ ,
FL(ρ,v,B)≡ [(∇×B)×B]φ ,
FV(ρ,v,B)≡
[
µ(∇2v +∇(∇·v)/3)]
φ
, (20)
where FI is the inertia force, FC is the Coriolis force, FL
is the Lorentz force, and FV is the viscous force. Note that
azimuthal pressure gradient force does not contribute to the
mean azimuthal force balance. These four force terms should
cancel out each other for retaining the statistical equilibrium.
The time and surface average of the each force term is
demonstrated as a function of radius in Figure 15 (a). The
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FIG. 13.— Temporal evolutions of (a) the dipole moment (B¯r)l=1 and (b) the northern hemispheric average of the azimuthal field 〈Bφ〉+. Panels (a) and (b)
correspond to (B¯r)l=1 and 〈Bφ〉+ for Model A. Panels (c) and (d) are those for Model B. The red, blue, and green curves correspond to the depths r = 0.65R,
0.75R, and 0.85R, respectively.
FIG. 14.— (a) Temporal evolution of the kinetic energy of differential rotation averaged over the entire volume (≡ ǫd,e) and over the radiative zone (≡ ǫd,s).
(b) Radial profile of the mean angular velocity averaged over a given time span 〈〈Ω〉s〉 for Model A. The different line types correspond to different time spans.
Note that the surface average is here taken over the range of 60◦ ≤ θ ≤ 120◦ (around the equator).
solid red, dashed magenta, dash-dotted blue, dotted green
curves correspond to the radial profiles of the inertia, Cori-
olis, Lorentz and viscous forces, respectively. The solid black
curve denotes the sum of the four azimuthal forces. The time
average is taken over 280τc ≤ t ≤ 300τc with 200 snapshot
data. The azimuthal force balance is mainly dominated by the
inertia, Coriolis and Lorentz forces. In the convection zone,
the negative inertia force balances with the sum of the posi-
tive Coriolis and Lorentz forces. In contrast to that, the pos-
itive inertia force is compensated by the sum of the negative
Coriolis and Lorentz forces in the stable zone. The positive
peak of FI below the interface between the convection zone
and stable zone indicates the angular momentum transport by
the penetrative convection. The viscous force makes a minor
contribution to the azimuthal force balance except the surface
layer and the bottom of the stable zone. The net azimuthal
force represented by solid black curve is nearly zero, confirm-
ing the statistical equilibrium of the azimuthal flow not only
in the convection zone, but also in the stable zone.
To examine the azimuthal force balance in more detail,
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FIG. 15.— (a) Time and surface averages of various force terms as function of radius. The solid red, dashed magenta, dash-dotted blue, dotted green curves
correspond to the radial profiles of the inertia, Coriolis, Lorentz and viscous forces, respectively. The solid black curve denotes the sum of the four azimuthal
forces. (b) The radial profiles of 〈〈F fI 〉s〉 + 〈〈FmC 〉s〉 + 〈〈FmV 〉s〉 and 〈〈FmI 〉s〉 by the red dashed and magenta dashed curves. The blue and green solid curves
denote the radial profiles of 〈〈F fL〉s〉 and 〈〈FmL 〉s〉.
we divide each force term into the contributions of the ax-
isymmetric mean components given by Fmk = Fk(ρ¯, v¯, B¯) (k =
I,C,L,V) and the contributions of the fluctuation components
by F fk = Fk −Fmk . Figure 15 (b) illustrates the roles of the
mean and fluctuation components in the azimuthal force bal-
ance. Here we show the radial profiles of 〈〈F fI 〉s〉+ 〈〈FmC 〉s〉+
〈〈FmV 〉s〉 and 〈〈FmI 〉s〉 by the red dashed and magenta dashed
curves, which are all flow origins. The blue and green solid
curves denote the radial profiles of 〈〈F fL〉s〉 and 〈〈FmL 〉s〉,
which are magnetic field origins. The contributions of fluctua-
tion components to Coriolis and viscous forces are negligibly
small.
In the region where the convective motion is less vigor-
ous (upper convection zone and stable zone), the positive az-
imuthal force due to the flow field is balanced with the nega-
tive force sustained by the dynamo-generated magnetic field.
In contrast to that, the negative azimuthal force due to the flow
field is compensated by the positive Lorentz force in the most
of the convection zone where the convective motion is vigor-
ous. The Lorentz force by the nonlinear coupling of fluctuat-
ing magnetic field plays a crucial role in the azimuthal force
balance for maintaining the equilibrated profile of the differ-
ential rotation.
As shown in Figure 6, the differential rotation profile es-
tablished in our model exhibits more cylindrical alignment
than the solar rotation profile characterized by the conical iso-
rotation surface. Our MHD convection system is still domi-
nated by Taylor-Proudmann balance. It is well known that
the latitudinal entropy variation at the base of the convection
zone induces a baroclinicity, and yields the solar-like conical
rotation profile (e.g., Kitchatinov & Ruediger 1995; Rempel
2005; Miesch et al. 2006; Masada 2011). It might be impor-
tant to numerically capture with higher accuracy the nonlinear
MHD processes, such as instabilities and resultant turbulence,
in the stable layer to reproduce the large-scale solar convec-
tion profile more accurately.
4.2. Qualitative Picture of Magnetic Dynamo
Since the main purpose of this paper is not to accurately
model the solar dynamo, but rather to reveal the effects of
the penetrative convection on the magnetic dynamo process,
the effective luminosity used in the simulation are larger than
the solar values. Nevertheless, it would be helpful to evaluate
the cycle period and the mean-field strength obtained in our
simulation in comparing our model with the models of other
groups.
Figures 13 gives the cycle period of the polarity reversal
τcycle ≃ 100τc, which is evaluated as
τcycle ≃ 100×
d
vrms
= 6.3 [year] , (21)
when we adopt the solar values d = 0.3R⊙ and vrms ≃
100 m sec−1. This is about a half of the cycle of the polar-
ity reversal in the Sun. At the cycle maxima, the strength of
the axi-symmetric azimuthal field in the stable zone reaches
Beq, which can be evaluated as
Bφ,max = (4πρm v2rms)1/2 ≃ 8000 [G] , (22)
with the density ρm ≃ 0.05 g cm−3 at the mid convection zone
of the Sun. This is a comparable strength with the large-
scale magnetic field simulated in Browning et al. (2006) and
Ghizaru et al. (2010), but would be an order of magnitude
smaller than that expected in the tachocline layer of the Sun
for explaining the sunspot emergence at the surface on lati-
tudes of less than ±40◦ (c.g., Choudhuri & Gilman 1987)
When taken all the numerical results together, the structure
and evolution of the dynamo-generated magnetic field in our
model is represented by a schematic picture in Figure 15. The
thick black line demonstrates the poloidal magnetic compo-
nent with dipole dominance. The blue and red curves denote
eastward and westward azimuthal components. The mean
large-scale azimuthal field with O(Beq) is preferentially or-
ganized around the equatorial region in the stably stratified
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FIG. 16.— Schematic picture of the magnetic structure in the model with the stable layer. The thick black curve demonstrates the poloidal magnetic field. The
blue and red curves denote the eastward and westward azimuthal magnetic components. The mean large-scale magnetic field with O(0.1)Beq is preferentially
organized in the stably stratified layer, whereas the convection zone is dominated by the turbulent fluctuating magnetic component. The polarity reversal with the
cycle period of ∼ 100τc takes place globally and synchronously throughout the system.
layer, whereas the convection zone is dominated by the turbu-
lent fluctuating component. The polarity reversal with the cy-
cle period of ∼ 100τc takes place globally and synchronously
throughout the system.
The dipole dominance is one of remarkable features of the
large-scale magnetic field rooted in the stable layer. The ten-
dency of the dipole dominance that appears when taking ac-
count of the stable layer is reported in Browning et al. (2006)
and Miesch et al. (2009). The differential rotation can not
only amplify the mean toroidal fields through the so-called
Ω-effect, and but also expel the asymmetric field components
via rotational smoothing process (Rädler 1980, 1986; Spruit
1999). The dipole-like magnetic structure with large-scale
axi-symmetric azimuthal component would be thus a natural
outcome of the rotational amplification and smoothing of the
magnetic field in the stable layer. The more accurate model-
ing of the stably stratified tachocline would enable us to tackle
the generation mechanism of large-scale O(105) G field that
can be responsible for the origin of the sunspot on the solar
surface.
We finally remark that both the equatorward migration and
buoyant emergence of the large-scale magnetic component,
that can bridge the gap between the simulation and sunspot
observation, could not be simulated in our model. This clearly
tells us that we have still a lot of missing ingredients to repro-
duce the solar interior in our dynamo modeling.
5. SUMMARY
We reported, in this paper, our first results of solar dynamo
simulation based on the Yin-Yang grid with the fully com-
pressible MHD model. To investigate influences of the sta-
bly stratified layer below the convection zone, two simulation
models with and without the stable layer (Models A and B)
were compared. It is confirmed from our numerical study that
the stable layer has substantial influence on the convection
and the magnetic field. Our main findings are summarized as
follows.
1. The convective motion in the upper convection zone is
characterized by upflow dominant cells surrounded by net-
works of narrow downflow lanes for both models. While the
radial flow is restrained by the boundary placed on the bottom
of the convection zone in Model B, the downflow lanes persist
the plume-like coherent structure even just above the bottom
of the unstable layer in Model A. The downflow plumes then
penetrate into the underlying stable layer.
2. The differential rotation profiles in both models are
reasonably solar-like with equatorial acceleration. However,
both exhibit more cylindrical alignment than the solar rota-
tion profile with the conical iso-rotation surface inferred from
the helioseismology. It is remarkable that the radial shear
layer, which is reminiscent of the solar tachocline, is sponta-
neously developed without any forcing just beneath the con-
vection zone as a result of the penetrative convection in Model
A. The Lorentz force by the nonlinear coupling of fluctuating
magnetic field plays an important role in the azimuthal force
balance for maintaining the solar-like differential rotation.
3. While the turbulent magnetic field becomes predomi-
nant in the region where the convective motion is vigorous,
the mean-field component is preferentially built up in the re-
gion where the convective motion is less vigorous. Espe-
cially in the stably stratified layer, the strong large-scale az-
imuthal component with antisymmetric profile with respect
to the equator and the poloidal field with dipole dominance
are spontaneously organized.
4. The mean magnetic component undergoes polarity rever-
sals with the cycle period of∼ 100τc for both models. It takes
place globally and synchronously throughout the system re-
gardless the presence of the stable layer. However, the ampli-
tude, coherency and dipole dominance of the mean magnetic
component are much weaker in the model B compared with
those in the model A. The stably stratified layer is a key com-
ponent for organizing the large-scale strong magnetic field,
but is not essential for the polarity reversal.
All the dynamo simulations reported here have used a rela-
tively weak stratification with the density contrast of about 3
(see §2). The strong stratification in the actual Sun may in-
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fluence on the physical properties of convections, mean flows
and magnetic dynamo (Käpylä et al. 2013). It would be in-
teresting that the three key features, solar-like v¯φ, B¯φ, and the
polarity reversals are self-consistently reproduced, without as-
suming any forcing, even in the modest density stratification.
Higher resolution simulations with a more realistic density
stratification will facilitate our understanding of the physics
of the solar convection and the solar dynamo, that is our next
step with the Yin-Yang solar dynamo simulation code.
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APPENDIX
DIVIDING SPHERICAL MEAN OF ENERGY INTO AXI-SYMMETRIC AND ASYMMETRIC PARTS
The purpose of this section is to split the spherical mean of energy into axi-symmetric part and asymmetric part. For a smooth
function h(θ,φ) on a sphere, we define the following three means.
Longitudinal mean:
h¯(θ) = 〈h(θ,φ)〉φ := 12π
∫ π
−π
h(θ,φ)dφ , (A1)
Latitudinal mean:
〈h(θ,φ)〉θ := 12
∫ 1
−1
h(θ,φ)dcosθ, , (A2)
Surface mean:
〈h(θ,φ)〉S := 14π
∫ 1
−1
∫ π
−π
h(θ,φ)dcosθdφ = 〈〈h〉φ〉θ = 〈〈h〉θ〉φ . (A3)
We can always divide h(θ,φ) into axis-symmetric and asymmetric parts:
h(θ,φ) = h¯(θ) + ha(θ,φ). (A4)
Note that
〈ha(θ,φ)〉φ = 0, 〈h¯(θ)〉S = 〈h¯(θ)〉θ. (A5)
The surface mean of h2 is also divided into two parts:
〈h(θ,φ)2〉S = 〈(h¯ + ha)2〉S (A6)
= 〈(h¯)2〉S + 2〈h¯ha〉S + 〈(ha)2〉S (A7)
= 〈(h¯)2〉θ + 〈(ha)2〉S [ c.f. eq. (A5) ]. (A8)
Expanding h¯(θ) by the normalized Legendre polynomials
P∗ℓ (cosθ) =
√
2ℓ+ 1
2 Pℓ(cosθ), (A9)
that satisfy ∫ 1
−1
P∗ℓ P∗ℓ′ dcosθ = δℓℓ′ , (A10)
as
h¯(θ) =
∞∑
ℓ=0
HℓP∗ℓ (cosθ), (A11)
we get the Perseval’s equation,
〈(h¯)2〉θ = 12
∞∑
ℓ=0
H2ℓ , (A12)
where Legendre coefficients Hℓ are given by
Hℓ =
∫ 1
−1
h¯(θ)P∗ℓ (cosθ)dcosθ. (A13)
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Similarly, for a vector field b(θ,φ) = (br(θ,φ),bθ(θ,φ),bφ(θ,φ)), we get
〈b2〉S =
∑
i={r,θ,φ}
〈(bi)2〉S (A14)
=
∑
i={r,θ,φ}
[
〈(b¯i)2〉θ + 〈(bi,a)2〉S
]
, (A15)
= s.p. + a.p. (A16)
where the symmetric part
s.p. = 〈(b¯r)2〉θ + 〈(b¯θ)2〉θ + 〈(b¯φ)2〉θ, (A17)
and asymmetric part
a.p. =
∑
i={r,θ,φ}
〈(bi,a)2〉S. (A18)
Due to the Perseval’s equation (A12), each of the three terms in eq. (A17) can be expanded as,
〈(b¯i)2〉θ = 12
∞∑
ℓ=0
(B¯i,ℓ)2 (A19)
where B¯i,ℓ are Legendre coefficients
B¯i,ℓ =
∫ 1
−1
b¯i(θ)P∗ℓ (cosθ)d cosθ. (A20)
Note that for a magnetic field, the monopole component B¯r,ℓ=0 is absent.
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